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ABSOLUTELY SELF PURE MODULES 


MOHANAD FARHAN HAMID 


Abstract. An i?-module M is called absolutely self pure if for any finitely 
generated left ideal of R whose kernel is in the filter generated by the set of 
all left ideals L of R with L D ann(m) for some m £ M, any map from L to 
M is a restriction of a map R M. Certain properties of quasi injective and 
absolutely pure modules are extended to absolute self purity. Regular and left 
noetherian rings are characterized using this new concept. 


1 . 

Let R be an associative ring with identity. By a module and an i?-module 
we mean a left unital i?-module. A submodule A of an R-module B is called a 
pure submodule if for any commutative diagram with K a finitely generated 
submodule of a free i?-module F 


K '-> F 

/ 

/ 

■A' 

A '-> B 

there is a map F ^ A making the upper triangle commute. A module A is called 
absolutely pure if it is pure in every module containing it as a submodule or 
equivalently if A is pure in some injective module or A is pure in its injective 

envelope [4]. Our goal is to study modules that are pure in their quasi injective 

envelopes. Of course, if the module is pure in every quasi injective module then 
it must be absolutely pure. So we give a weaker form of purity, self purity, and 
study modules that are self pure in every module containing them as submodules. 
This turns out to be equivalent to saying that the module is self pure in some quasi 
injective module or self pure in its quasi injective envelope. 

The quasi injective envelope of an i?-module M is denoted Q{M). By n(M) we 
mean the set of all left ideals L oi R such that L D ann(m) for some m € M. The 
filter generated by il{M) in the lattice of left ideals of R is denoted n(M). Recall 
that L. Fuchs [2] has proved that a module M is quasi injective if and only if for 
any homomorphism / from a left ideal L oi R whose kernel is in f2(M) there is an 
extension to a homomorphism R M oi f. This gives a generalization of Baer 
condition for injective modules. 

On the other hand, absolutely pure modules A are characterized by the property 
that for any finitely generated submodule A of a free module F, any homomorphism 
K ^ A can be extended to a homomorphism F —5> A [3]. 
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Generalizing the above facts, we say that a module A is absolutely self pure if 
any map from a finitely generated left ideal of i? into A whose kernel is in can 
be extended to a map R ^ A. Regular and left noetherian rings are characterized 
using properties of absolutely self pure modules. 


2 . 

Definition 2.1. A submodule A of an i?-module B is called a self pure submodule 
of B (denoted A <^p B) if the following condition holds: For any finitely generated 
left ideal L oi R and any map f : L ^ A with ker/ G fl(A), if there is a map 
R ^ B making the following diagram commutative: 

L <- R 

A ^-> B 

then there exists a map R ^ A making the upper triangle commutative. 

Any pure submodule of a module is self pure, but not conversely, for one may 
take any quasi injective module that is not absolutely pure, which must clearly be 
self pure in its injective envelope, but of course not pure. 

More generally, one can study purity with respect to another module M. Pre¬ 
cisely, we say that a submodule A of an i?-module B is called M-pure submodule 
of B if the following condition holds: For any finitely generated left ideal L oi R 
and any map f : L ^ A with ker/ G Vl{M), if there is a map R ^ B making 
the above diagram commutative then there exists a map R ^ A making the upper 
triangle commutative. Therefore, A is A-pure in B exactly when A is self pure in 
B. However we will restrict our attention to the concept of self purity. 

Proposition 2.2. If A, B and C are R-modules such that A B and B C 
then A <‘p C. 

Proof. Consider the following diagram 


L '-> R 

f 

A '-^ C 


where L is a finitely generated left ideal of R with ker / G 11(A) and R ^ C is 
a map making the diagram commutative. Then obviously, we can consider f as a 
map L ^ B for which we have a commutative diagram: 

L <-^ R 

f 

B '-^ C 
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Since B C, there is an extension g : R ^ B oi f, so that the following square 
commutes: 

L '-> R 

f 9 

A '-^ B 

and since A B, there is an h : R ^ A extending /. □ 

Proposition 2.3. If A C B C C are R-modules such that A C then A B. 
Proof. Consider the following commutative diagram with the obvious maps: 

L =-^ R 

f 

A'- >B‘ - >C 

Since A <^p C, there is a g : R ^ A extending /. □ 

Definition 2.4. A module is called absolutely self pure if it is self pure in every 
module containing it as a submodule. 

It is clear that absolutely pure modules and quasi injective modules are examples 
of absolutely self pure modules. If a module A is self pure in some quasi injective 
module then by Proposition 12.31 it must be self pure in its quasi injective envelope 
Q{A). So if A is contained in some other module B, then as Q{A) Q{B) 
we must have by Propositions 12.21 and 12.31 that A <^p B. Therefore, a module is 
absolutely self pure if and only if it is self pure in some quasi injective module if 
and only if it is self pure in its quasi injective envelope. 

Theorem 2.5. A module A is absolutely self pure if and only if for each finitely 
generated left ideal L of R and each map f : L ^ A with ker/ S n(A) there is an 
extension map R ^ A of f. 

Proof. Consider the following commutative diagram: 

L '-^ R 

/ 9 

A ‘^ Q(A) 

where Q(A) denotes the quasi injective envelope of A. Existence of g is guaranteed 
be quasi injectivity of Q{A). Now A is self pure in Q{A) if and only if / can be 
extended to a map R ^ A. □ 

By Proposition 12.21 a self pure submodule of an absolutely self pure module is 
again absolutely self pure. In particular, direct summands of absolutely self pure 
modules are absolutely self pure. 

Theorem 2.6. A module A is absolutely self pure if and only if any direct sum of 
copies of A is absolutely self pure. 
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Proof. Suppose that A is absolutely self pure and let / be a map from a finitely 
generated left ideal L oi R into for some index set I such that ker/ G 
i.e. ker/ A ^ann((ai)j) for finite J. But the non-zero afs in each {ai)j are 
also finite. Therefore ker / contains the intersection of annihilators of a finite set 
of individual afs and hence it belongs to n(A). Let {/i, • • • , Z„} be a generating 
set for L. Each of the images /{k) is of finite support, so / can be considered as a 
map L —>■ A^^'^ for some finite subset K oi I and hence it is the finite direct sum of 
coordinate maps fk into each factor A. Clearly ker fk A ker f and so ker fk G n(Gl) 
for each coordinate map ft- By absolute self purity of A, each fk is extendable to a 
gk ■ R ^ A. The map whose coordinate maps are the gk^s is the desired extension 
of /. The other implication is clear. □ 

Left noetherian rings are precisely rings over which every absolutely pure module 
is (quasi) injective [H Theorem 3] and [TJ Theorem 8]. It is clear that over such 
rings, the concepts of absolutely self pure and that of quasi injective modules are 
equivalent and by [TJ Theorem 8] the converse is also true. So we have the following 
characterization of left noetherian rings: 

Theorem 2.7. A ring R is left noetherian if and only if any absolutely self pure 
R-module is quasi injective. □ 

Recall that a ring R is called regular if every principal left ideal of i? is a direct 
summand. Over a regular ring, all modules are absolutely pure and hence all 
modules are absolutely self pure. The converse is also true: 

Theorem 2.8. A ring R is regular if and only if every left R-module is absolutely 
self pure. 

Proof. (=J>) Clear. (4=) Given a principal left ideal L of R, extend the identity map 
of L to the map L ^ L Q) R defined by a i—>■ (a, 0). This map clearly has kernel 
containing ann(0,1). By assumption L 0 i? is absolutely self pure, hence there is 
a g : R ^ L (B R extending /. Follow g by the projection L © i? —>• L to get an 
extension of the identity map L ^ L, which shows that L is a direct summand of 
R. □ 


Combining Theorems 12.71 and 12.81 we get the well-known characterization that R 
is semisimple (= regular and left noetherian) if and only if every i?-module is quasi 
injective. 

By Theorem 12.71 over the ring of integers Z the absolutely self pure modules 
are exactly the quasi injective ones. So any quasi injective abelian group that is 
not injective serves as an example of an absolutely self pure module which is not 
absolutely pure. Also by Theorems 12.81 and 12.71 if a ring R is regular but not left 
noetherian then there must exist an absolutely self pure i?-module that is not quasi 
injective. Another example is the following. 


Example 2.9. We know that if i? is a regular but not a left noetherian ring then 
there must exist an absolutely pure i?-module A that is not quasi injective. Over 
the ring Z the module Z 2 is quasi injective but not absolutely pure. Now let R and 


A be as above and consider the module M = 


A 

Z2 


over the ring S = 


R 0 

0 z 


The module M is not quasi injective (nor absolutely pure), for otherwise the direct 
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summand 


A 

0 


would be quasi injective (the direct summand 


0 

Z2 


would 


be absolutely pure). Now we proceed to show that M is absolutely self pure. Any 
finitely generated left ideal of S is of the form K = ‘ ^ ^ 


0 J 


, where I (respectively 


J) is a finitely generated left ideal of R (respectively Z). Any map K ^ M is oi the 


form 


where / G Homfl(/, A) and g G Homz( J, Z 2 ). To extend 


to S is to extend both f to R and g to Z. The former is always possible because 
/ is a finitely generated left ideal of a regular ring, hence it is a direct summand. 
So we focus on extending g to a, map Z —>■ Z 2 . But if ker(Ar —>■ M) contains the 


intersection of ann 

, , nann(ai) 

equal to ' 


Qi 

Zt 


for some 


0 


Qi 

Zi 


G M, i = 1, • • • , n, which must be 


„ f \ I then we need only to focus on nann(zi). This 

U I I j J 

latter is equal to 2Z or Z according to whether one of the Zi’s is 1 or not. In any 
case we must have that 2Z C ker((/ : J Z 2 ). Hence either J = Z and we are done 
or J = 2Z and therefore g is the zero map. 


A note about modules that are pure in their quasi injective envelopes is in order. 
Let us call them absolutely quasi pure modules. It is obvious that this concept 
lies between quasi injectivity and absolute self purity. It is not clear whether every 
absolutely self pure module is absolutely quasi pure. Of course over regular rings the 
two concepts are equivalent, and over left noetherian rings they are also equivalent 
to quasi injectivity. If a module A is absolutely quasi pure then so is any finite 
direct sum of copies of A. 
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